
Math 154: Probability Theory, HW 1

DUE JANUARY 30, 2024 BY 9AM

Remember, if you are stuck, take a look at the lemmas/theorems/examples from class,
and see if anything looks familiar.

1. SOME PRACTICE

1.1. Dice. A traditional fair dice (with numbers 1 through 6) is thrown twice. Assuming
that the rolls are independent, compute the probability that:
(1) exactly one 6 is thrown
(2) both rolls are odd numbers
(3) the sum of the rolls is 4
(4) the sum of the rolls is divisible by 3

1.2. Coins. Take a coin where the probability of heads is p and the probability of tails is
1 − p. Toss this coin repeatedly. As a function of n > 0 and p, compute the probability
that on the n-th throw:
(1) heads appears for the first time
(2) the number of heads and the number of tails to date are equal
(3) exactly two heads have appeared in total to date
(4) at least two heads have appeared to date

1.3. Manipulation of events. Take two events A,B. Show that the probability that ex-
actly one of A or B occurs is equal to P(A) + P(B)− 2P(A ∩B).

2. SOME LEMMAS

2.1. Some practice with conditional probability. Take three events A,B,C.
(1) Show that P(A ∪B ∪ C) = 1− P(Ac|Bc ∩ Cc)P(Bc|Cc)P(Cc).
(2) Assume that A and B are independent after conditioning on C (i.e. P(A ∩ B|C) =

P(A|C)P(B|C)). Does this imply that A and B are independent? (If yes, show it. If
not, give an example.)

(3) Conversely, assume that A and B are independent. Is it true that A and B are inde-
pendent after conditioning on C?

2.2. Bayes’ formula. This is one of the most important things in statistics! Let Ω be a
probability space, and let A1, . . . , An be a partition of Ω, i.e. Ai ∩ Aj = ∅ for any i 6= j,
and ∪ni=1Ai = Ω. Suppose that P(Ai) > 0 for all i = 1, . . . , n. Prove that

P(Aj|B) =
P(B|Aj)P(Aj)∑n
i=1 P(B|Ai)P(Ai)

.
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3. SOME PROBLEMS

3.1. It is very important that p is prime here. Set Ω = {1, . . . , p}, where p is prime.
Let F be the set of all subsets of Ω, and P(A) = |A|/p for any A ∈ F. Assume that A
and B are independent. Show that at least one of A or B is either Ω or ∅.

3.2. More dice. Suppose we throw N independent standard dice, where N is a random
number such that P(N = i) = 2−i for all integers i > 1. Let S be the sum of the N values
that we throw. Find the probability that:
(1) N = 2 conditioning on S = 4
(2) S = 4 conditioning on N being even
(3) N = 2 conditioning on S = 4 and the first throw being 1

3.3. Be careful when driving in the snow. There are two roads from A to B and two
roads from B to C. Each of the four roads is blocked by snow with probability p inde-
pendently of the others. Find the probability that there is an open road from A to B given
that there is no open route from A to B to C.

3.4. More coins. Take a coin where the probability of heads is p and the probability of
tails is 1 − p. Let pn be the probability that an even number of heads have been tossed
after n tosses. (Zero counts as an even number.) Show that p0 = 1, and show that for any
n > 1,

pn = p(1− pn−1) + (1− p)pn−1.

Using this formula, find a formula in terms of p and n of pn. (You do not need to prove
that your formula is correct, but you should feel free to.)

4. AN OPTIONAL PROBLEM (FOR THOSE WHO WANT SOMETHING TO THINK ABOUT)

4.1. A very inefficient way to board passengers. Suppose there are n passengers for a
plane with n seats to go from Boston to San Francisco. Each passenger is given their seat
number, but the first passenger, say Kevin, to board lost their number and sits in a random
seat. The other passengers board one at a time, trying to sit in their seat, or, if their seat is
taken, sit in a random available seat. What is the probability that the last passenger sits in
their assigned seat? Why?

5. A VERY IMPORTANT QUESTION

5.1. Thank you for answering this! How long did this homework take you? Did you
find it hard, easy, something else? (Please feel free to be honest! It’s better that I have a
sense for if the homework is too long or short or something else.)
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